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The nonanalytic property of metric resulting from the presence of gravitomagnetic monopoles 
is considered. The curvature tensors, dual curvature tensors, dual Einstein tensor (and hence the 
gravitational field equation of gravitomagnetic matter) expressed in terms of nonanalytic metric 
are analyzed. It is shown that the spinor gravitomagnetic monopole may be one of the potential 
origins of the cosmological constant. An alternative approach to the cosmological constant problem 
is thus proposed based on the concept of gravitomagnetic monopole. 
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The gravitomagnetic interaction attracts attention of 
researchers in various areas such as the neutron inter- 
ferometry experiment Q, 0, 0, gravitational geometric 
phase shift 0, 0, El > interaction between moving par- 
ticles and gravitomagnetic fields 0, as well as spin- 
rotation coupling [IollllLll^ . ll3| (or the coupling of grav- 
itomagnetic moment to gravitomagnetic fields 14]). Ba- 
sically, the interactions involved in these considerations 
are all in connection with the contribution of gravito- 
magnetic dipole moments. As for the gravitomagnetic 
monopole, it has been investigated by many authors in 
the literature since 1960's. These studies include the 
spherically and cylindrically symmetric metric produced 
by gravitomagnetic charge flil flfil Il7j , various proper- 
ties and effects (e.g., geodesies, trajectory, and gravita- 
tional lensing effect) in NUT spacetime |l8|, [lSj, |2fJ, |2l| , 
the differential geometric and quantal field properties 
[22I E^j | as well as the quantization of gravitomagnetic 
charge [3 H^|. Gravitomagnetic charge is a kind 
of topological (dual) charge, which can be referred to as 
"dual mass" |27|. Some authors referred to it as "mag- 
netic mass" or magnetic-type mass (magnetic-like mass) 
|l8j . In this sense, matter may be classified into two 
categories, i.e., the regular matter (gravitoelectric mat- 
ter) and the dual matter (gravitomagnetic matter). The 
former has mass while the latter has dual mass. More re- 
cently, we considered some related topics of such a topo- 
logical dual mass, including the geometric (topological) 
effects in NUT space, dual curvature tensors, dual cur- 
rent density as well as gravitational field equation of grav- 
itomagnetic monopole of its own |27], |28| ■ 

As the gravitomagnetic charge (should such exist) is 
a kind of topological charge, which leads to some new 
interesting geometric (topological) effects of spacetime, 
one should first examine in detail the topological (global) 



properties of metric, where the gravitomagnetic matter 
is present. It is found that if the gravitomagnetic charge 
exists in spacetime, then the metric is no longer analytic. 
One of the most immediate consequences due to this 
property is such that the partial derivatives of the metric 
with respect to the spacetime coordinates cannot com- 
mute, i.e., dadpg^ ^ d d ag^iv Although many proper- 
ties relevant to the metric of gravitomagnetic monopole 
have been considered in the literature 0, 0, |2(J , to the 
best of our knowledge, the nonanalytic property of met- 
ric in the presence of gravitomagnetic monopoles may 
have so far never been discussed in detail. In the present 
Letter, we further consider two subjects: i) the curvature 
tensors and dual curvature tensors with nonanalytic met- 
ric; ii) the connection between matter and dual matter in 
gravitational field equations. As a result of this consid- 
eration, we show that the spinor gravitomagnetic matter 
may be one of the potential origins of the cosmological 
constant. Thus the study of the dynamics of gravitomag- 
netic monopoles might open up a possibility of probing 
into the cosmological constant problem |2^| . 

In order to study the nonanalytic metric as well as the 
dynamics of gravitomagnetic monopole, we should first 
define a dual Riemannian curvature tensor as follows I28W 
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where e„_ denotes the Levi-Civita tensor. Note that 
such a dual curvature tensor is antisymmetric in both 
indices (fJ>,r) and (uj,v). It follows from the definition 
that there exists a duality relationship between the 
Riemannian curvature tensor and its dual, i.e., 
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Thus one can obtain a connection between the curvature 
scalar 1Z and the dual curvature scalar 1Z. This connec- 
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tion is expressed as follows 

Under the condition that the variation of the dual ac- 
tion vanishes, i.e., 5 y/— glZdfl = 0, one can arrive at 
an antisymmetric dual Einstein tensor 

Q iiv 'R'liv T^v^it (4) 

where the dual Ricci tensor IZ^ = g TU}, R-^ TUJV . In addi- 
tion, according to the definition of the dual Riemannian 
curvature tensor (|Tp . 1Z^ V can be rewritten in the form 

= 'R'Xaiow (^) 

It should be noted that the NUT metric (with a vanish- 
ing Schwarzschild mass parameter) is in fact the solution 
to the source-free Einstein's gravitational field equation 
(vacuum equation). Einstein's source- free field equation 
can be viewed as a Bianchi identity seen from the point 
of view of the theoretical framework of dual curvature 
tensors |28|. In other words, the gravitomagnetic charge 
is required of a gravitational field equation of its own 
for treating the dynamics in the spacetime in which the 
gravitomagnetic monopole is present. The possible field 
equation may be of the form 

Qiiv = S^ u , (6) 

where is an antisymmetric source tensor of the grav- 
itomagnetic matter [22I H^, which will be discussed in 
detail below. 

The physical meanings of the field equation @ in the 
weak-field approximation is explicit: if the gravitomag- 
netic vector potentials, <?oa and g^o (A,er = 0—3), can 
be rewritten as a\ and a ai respectively, then by using 
the formula n pv = (l/4)e^ x<TU3 d u {d a g vX ~ d x g al ,), one 
can show that the (//O) component of the dual Ricci 
tensor in the weak-field approximation takes the form 
IZ^o = (l/4)e M A<T "9 w /crA, where the weakly gravitational 
field "tensor" is of the form 

fa\ = d a a\ - d\a a . (7) 

Apparently, in the weak-field approximation the quan- 
tity TvL^o is exactly analogous to the divergence of the 
dual electromagnetic field tensor, d^T ^ u with !F w = 
(l/2)e M Xau3 T a \. Such a divergence term appears on the 
left-handed side of the electromagnetic field equation of 
magnetic charge dim. In a word, as the left-handed 
side of Eq. ijfJJl contains a divergence term of dual field 
"tensor" , Eq. (@ may indeed be viewed as a gravitational 
field equation of gravitomagnetic matter of its own. 

As a kind of topological charge in spacetime, gravito- 
magnetic charge will unavoidably result in a nonanalyt- 
icity of the metric functions. For this reason, one can 
obtain the following two asymmetric Ricci tensors 

= g af3 TZap 1 vf3: Sftju/ = g al3 'R-[ia(3v (8) 



The connection between these two Ricci tensors is given 
by 

K» = - 9 at3 {dudp - dpd v ) g afl , (9) 

where the expression (d^dp — dpd„) g afJ _ no longer van- 
ishes if the metric is nonanalytic. In spite of this, the 
contractions of these two asymmetric Ricci tensors yields 
the same curvature scalar, i.e., 1Z = g^^t^ — ff^^RL,- 
It follows that once the gravitomagnetic monopole is ab- 
sent and the metric tensor is then analytic, the two Ricci 
tensors are the same (Sft^ = 9^ t „), and consequently the 
symmetric property of !ft M „ in indices (/x, v) will be recov- 
ered. 

How can we construct a symmetric Ricci tensor 
within the framework of nonanalytic metric? Note 
that the Ricci tensor is in general the contraction from 
the curvature tensor TL aillV p that is antisymmetric in 
both (a,//) and (v, (3). As stated above, there are 
two candidates 3? M i/, We can construct a fourth- 

rank tensor U aftv p = (1/2) (Ji atiu p + H Ma pv)- It can 
be readily verified that this tensor is truly antisym- 
metric in indices (a, jj) and (u, 0) seen from the fol- 
lowing relations: $t,j, au j3 = (1/2) (Uftav/3 +Tl ai j,l3u) = 
-(1/2) (U^v + Tl a ^p) = Thus the contrac- 

tion g al3 ?R. all vi3 may be considered a Ricci tensor. How- 
ever, this tensor is not symmetric in indices (/i, v). In 
order to obtain a symmetric Ricci tensor, we should sym- 
metrize it, namely, the following form 

= 1 [(v + + + # VII )] (io) 

is chosen as the required symmetric Ricci tensor. If the 
partial derivatives can commute, expression (|10fl will be 
reduced to the regular form in Riemannian geometry, the 
metric of which is analytic. 

Now let us return to the field equation © . The prob- 
lem left to us is to construct the so-called source tensor 
Sfj, v . Note that the dual tensor Q^ v is antisymmetric 
in indices (n,i/), so is the source tensor. As a tenta- 
tive consideration, here we only analyze the spinor field 
ip that characterizes the spinor gravitomagnetic matter. 
Clearly, the following two tensors which possess an an- 
tisymmetric property can be immediately achieved: one 
is A^v — i> (7 M 7iy — 7i/7ju) ip, an d the other is its dual, 
{l/2)t 6t Aq t - Here the Dirac matrices 7 M 's are defined 
through the relation 7 M = e^"y a , where e^ denotes the 
vierbein field and the Latin suffixes a's stand for the in- 
dices of the coordinates in the flat Minkowski spacetime. 
It is well known that the spin (or the spinning gravito- 
magnetic moment) of a massive particle is the source of 
a gravitomagnetic field. Likewise, the spin of a gravito- 
magnetic monopole (with a dual mass) may be the source 
of a gravitoelectric field (Newtonian gravitational field). 
If, for example, the quantity A^v acts as a source ten- 
sor, the spinning gravitomagnetic moment of dual mass 
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will produce gravitoelectric fields. The dual Einstein ten- 
sor Gfiv, which, as stated above, contains a divergence 
term of the dual weakly-gravitational field "tensor" , is, 
however, of the "magnetic" type. Thus such a source 
tensor should be removed for this reason. Since can 
produce gravitoelectric fields, its dual may in turn pro- 
duce gravitomagnetic fields instead. Hence, a reasonable 
choice may be the adoption of the dual, (l/2)e^ v 6T Aen 
as the source tensor of Eq. © . 

In view of the above discussion, the simplest form of 
the gravitational field equation of gravitomagnetic charge 
{e.g., the spinor dual matter) reads 



(11) 



where k is a certain coupling coefficient. 

To see the connection between matter and dual matter 
in gravitational field equations, we multiply the two sides 
of Eq. (|ll|l by a fully antisymmetric Levi-Civita tensor 
t tivaf3 ^ anc j then arrive at 
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^ a % v = -Ki> (7V - 7 V) ^ (12) 



Taking account of the relation |28j 



(^P a + ST' 30 )] 



one can rewrite Eq. I|12|) as a set of equations 
i (3i Q/3 + 3T Q/3 ) = K^yW + s a0 , 



(13) 



(H" Q + W Pa ) = kVVVV + s Pa , (14) 



where s a @ is a certain symmetric tensor, the physical 
meanings of which will be revealed in the following. If we 
take into account the relations i|10|) and "f a ^P + ■fPj a = 
2g a @, we can obtain a formula 
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from Eqs. (|14fl . According to Einstein's field equa- 
tion, the symmetric tensor s"^ may act as the source 
tensor of gravitoelectric matter and thus takes the form 
Ag a P - (8ttG/c 4 ) (T at3 - g a/3 T/2), where A, G and c de- 
note the cosmological constant, Newtonian gravitational 
constant and speed of light in vacuum, respectively. T a @ 
is the energy- momentum tensor of matter (gravitoelectric 
matter). The connection between gravitomagnetic and 
gravitoelectric matter in the gravitational field equations 
is thus demonstrated by comparing Eq. (|llf> with Eq. 

on}. 

For simplicity, the gravitoelectric matter is here as- 
sumed to be absent, and in consequence the energy- 
momentum tensor T a ° is taken to be zero (and hence 
T = 0). By introducing a parameter A, Eq. (|15(l can be 
rewritten as 



with A = K'tpip. It follows that Eq. (|16|l is in exact anal- 
ogy with Einstein's vacuum field equation with a modi- 
fied cosmological constant A+A. Hence, the term K'tptp as- 
sociated with the gravitomagnetic matter can play a role 
analogous to the cosmological constant, and the gravit- 
omagnetic charge may be viewed as one of the potential 
origins of the cosmological constant (or dark energy |3l|l. 

The cosmological constant problem is that why the ob- 
served value of the vacuum energy density is so small: the 
theoretical value of the cosmological constant resulting 
from the quantum vacuum fluctuation is 
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where h denotes the Planck constant. However, the ratio 
of experimental value to the theoretical one is only 1CP 120 
|2flj . During the past 40 years, in an attempt to deal 
with the cosmological constant problem, many theoreti- 
cal mechanisms |2il such as the adjustment mechanism 
[12, 0, changing gravity [3^, quantum cosmology and 
viewpoints of supersymmetry [35j, supergravity as well 
as superstrings |36j] were proposed. More recently, since 
some astrophysical observations (e.g., Type la supernova 
observations [37J ) showed that the large scale mean pres- 
sure of our present universe is negative suggesting a pos- 
itive but small cosmological constant, and that the uni- 
verse is therefore presently undergoing an accelerating 
expansion pj?! , a large number of theories and viewpoints 
have been put forward to resolve the cosmological con- 
stant problem. These include the back reaction of cosmo- 
logical perturbations (38|, QCD trace anomaly [3^, con- 
tribution of Kaluza-Klein modes to vacuum energy , 
five-dimensional unification of cosmological constant and 
photon mass 0, nonlocal quantum gravity 0] 1 quan- 
tum microstructure of spacetime ^3|, relaxation of the 
cosmological constant in a movable brane world 13, ef- 
fects of minimal length uncertainty relation (using the 
modified commutation relation [<?,£>]) on the density of 
states 0] as well as comoving suppression mechanism 
jiij. Although none of these theories achieves a definite 
and reliable success in dealing with the problem, they 
drew inspiration from the current knowledge of physics 
and suggested a variety of possibilities to overcome this 
difficulty, which enlighten us on this subject. As a new 
possibility, here we also suggest a new scheme based on 
the concept of gravitomagnetic monopole to treat this 
problem. 

First we assume that there exists a certain creation 
mechanism of gravitomagnetic charge in the gauge the- 
ory (for example, the interaction related to the Chern- 
Simons gauge fields 0,EH)- Then as demonstrated in 
Eq. (|16fl . if the vacuum fluctuation of the gravitomag- 
netic matter can truly contributes to the cosmological 
constant, the theoretical value of the cosmological con- 
stant may be dramatically suppressed by a large number 
of orders of magnitude, provided that the parameter A 
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in Eq. I|16|) has a minus sign. The present interpretation 
for the smallness of cosmological constant is suggested in 
principle but not in detail, since the coupling coefficient 
k in Eqs. I|15fl an d CBt cannot be determined by the 
mechanism itself. But, there are some clues, which can 
help us to extract some information on the coupling coef- 
ficient k. It follows from Eq. (|15ll that the dimension of 
k is [L], since the dimensions of i\i (-0) and TZ a/3 are [L~ ! ] 
and [L~ ], respectively. If k can be constructed in terms 
of the fundamental physical constants such as G, H and 
c, then the only expression that has a dimension of [L] is 
yj Gh/c 3 . Therefore, we assume that k ~ — v/ Gh/c 3 (the 
minus sign may result from the Meissner-like effect dis- 
cussed below). Generally speaking, %f>ip can be regarded 
as the phase space density of vacuum fluctuation fields. 
By using the formula ^ ~ [2/ (2nh) 3 } j Pr/h d 3 k, where 
Pp denotes the Plank momentum, one can obtain 
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Thus A = K'tpip ~ — c 3 /(3ir 2 Gh), the modulus of which 
is compared to the previous theoretical value of the cos- 
mological constant in expression (|17() . This, therefore, 
means that there is a possibility for A to dramatically 
modify the value of the cosmological constant, if the dual 
matter is truly present and its contribution is then taken 
into account. 

On the other hand, if the vacuum fluctuation field 
can be thought of as a perfect fluid, we can find a 
Meissner-type mechanism from the dynamical point of 
view: specifically, the gravitoelectric field (Newtonian 
gravitational field) produced by the mass of the quantum 
vacuum fluctuation can be exactly cancelled by the grav- 
itoelectric field resulting from the induced dual mass cur- 
rent at vacuum-fluctuation level, and in turn, the gravit- 
omagnetic field produced by the gravitomagnetic charge 
(dual mass) of the vacuum quantum fluctuation can also 
be cancelled exactly by the gravitomagnetic field result- 
ing from the induced mass current at vacuum-fluctuation 
level. Thus, the gravitational effect of the cosmological 
constant A may, in principle, be eliminated (by many 
orders of magnitude) by the contribution, A, of the grav- 
itomagnetic charge (dual mass). 

Finally, let us return to the topic of nonanalytic met- 
ric produced by the gravitomagnetic monopole. We note 
that there are nonanalytic electromagnetic vector po- 
tentials in the case of Dirac monopole 49]. Wu and 
Yang found that only the phase factor (rather than field 
strengths or electromagnetic potentials) is more phys- 
ically meaningful and therefore constitutes an intrin- 
sic and complete description of electromagnetism [50|. 
As for the case of Dirac monopole, the nonintcgrable 
phase factor can be viewed as a fundamental concept 
to describe the electromagnetism of magnetic monopole. 
However, the nonintegrable phase factor with nonana- 



lytic vector potentials becomes undefined if the path 
goes through a singularity. In order to resolve this dif- 
ficulty, Wu and Yang used a fibre-bundle construction 
to avoid the singularity of the nonanalytic vector poten- 
tials [5(J. A question whether a fibre bundle reformula- 
tion of the theory of gravitomagnetic monopoles, which 
can avoid the singularity of nonanalytic metric, exists is 
therefore left to us. As stated above, if the gravitomag- 
netic monopole is at rest, the (fiO) component of the dual 
Ricci tensor takes the form IZ^o = (l/4)e^ ^^d^faX, 
where the weakly gravitational field strength "tensor" 
is defined by Eq. Q). This, therefore, means that the 
(/iO)-component dual Ricci tensor has exactly a same 
mathematical structure as the divergence of dual elec- 
tromagnetic field tensor. Thus, at least for the case of 
gravitomagnetic monopole at rest, where the static grav- 
itomagnetic field is produced, there exists a similar fibre- 
bundle construction to define the singularity-free regions 
and to avoid the corresponding Dirac strings that arise 
from gravitomagnetic monopoles. The problem regard- 
ing whether the singularity-free regions can be defined 
or not for the other components of the dual Ricci tensor 
IZ^v with v ^ deserves further consideration. 

To summarize, since less attention was paid to the non- 
analyticity of metric in the literature, we presented a 
connection between curvature tensors and dual curvature 
tensors in terms of the nonanalytic metric, and then dis- 
cussed the relationship between matter and dual matter 
in gravitational field equations. A new possibility, which 
may account for the smallness of the cosmological con- 
stant, was proposed by using the gravitoelectromagnetic 
cancellation mechanism resulting from the dual matter at 
vacuum-fluctuation level. Such a dual matter is viewed 
as a perfect fluid. Although at present there are no evi- 
dences for the existence of such a topological dual mass, 
its dynamics and related topics still deserve further in- 
vestigation theoretically. This may enables us to better 
understand topological (global) phenomena and to find 
more such phenomena in gravity theory. 
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